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Adaptive Control of a Flexible Robot Using Fuzzy Logic

A. Green*and J. Z. Sasiadek’
Carleton University, Ottawa, Ontario K1S 5B6, Canada

Operational problems with robot manipulators in space relate to several factors, one most important being
structural flexibility and subsequently significant difficulties with the control systems, especially for endpoint
position control. Elastic vibrations of the links coupled with their large rotations and nonlinear dynamics is the
primary cause. A control scheme is presented for tracking the endpoint of a two-link flexible robot. The dominant
assumed modes of vibration for Euler-Bernoulli cantilever and pinned-pinned beam boundary conditions are
coupled with the nonlinear dynamics for rigid links to form an Euler-Lagrange inverse flexible dynamics robot
model. A Jacobian transpose control law actuating the robot joints is adapted by a fuzzy logic system (FLS) with
link deformation inputs and a single-variable output. Results obtained with an FLS adaptive control strategy show
significantly diminished vibration amplitudes for both cantilever and pinned-pinned link dynamics and greatly
improved control performance compared to the nonadaptive strategy.

Nomenclature

a
|

flexible-link dynamic coupling matrix
rigid-link dynamic coupling matrix
flexural rigidity, 1676 N - m?

position errors, x, —x and y. — y
velocity errors

generalized force,i =1,...,n
Jacobian of direct kinematics

stiffness matrix

stiffness constant, i =1, 2

length of each link, L; =L, =4.5m
Lagrange function

flexible-link inertia matrix
generalized distributed mass, i =1, ...,n
[, j] element of inertia tensor M
rigid-link inertia matrix

mass per unit length, 0.335 kg/m
mass as a function of distance x
distributed load

generalized coordinates vector
generalized coordinates, i =1,...,n
total kinetic energy

elastic kinetic energy for flexible links
kinetic energy for rigid links

total potential energy

elastic potential energy for flexible links
potential energy for rigid links

mode shape function

actual endpoint position

commanded endpoint position

actual endpoint position

commanded endpoint position

elastic link deformation, i =1, 2
estimated closed-loop damping ratio, 0.707
slew angles vector

link tip angle of rotation

slew angles velocities vector
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A = fuzzy logic system output variable

Aei L = cantilever ith mode characteristic root, (i—0.5)w

Appil = pinned—pinned ith mode characteristic root, i

% = fuzzy degree of membership

o = mass density per unit length

T = actuating torque vector

i = mode shape,i=1,...,n

Wei = cantilever elastic mode frequency,i=1,...,n

w; = elastic mode frequency,i=1,...,n

Wppi = pinned—pinned mode frequency,i=1,...,n
Introduction

INIMIZATION of vibration and precise control is a strict
requirement of flexible robots in spacecraft operations. The
aim of this paper is to demonstrate tracking of a square trajectory
12.6 x 12.6 mby a two-link flexible robot. The Euler-Lagrange flex-
ible dynamics models include link flexibility based on the dominant
assumed modes for Euler—Bernoulli cantilever and pinned—pinned
beam boundary conditions. A square trajectory is an ideal case for
studying the control of transient vibrations at the four orthogonal di-
rection switches. Simulation studies on tracking a square trajectory
for two-link rigid- and flexible-dynamics models were presented
in previous work.'~ Excellent results were obtained using an in-
put shaping method to reduce residual vibrations coupled with an
inverse kinematics control strategy for both linear and nonlinear
control laws and full-order flexible-dynamics equations based on a
recursive order-n algorithm for a discretized two-link flexible robot.’
A model reference adaptive control (MRAC) technique was applied
to investigate position and vibration control of a distributed mass
single-link flexible manipulator.” The state-space MRAC strategy
used a modal expansion method to determine the first three sig-
nificant vibration modes. This strategy was an attempt to achieve
smaller position errors and an alternative to regular proportional—
integral-derivative (PID) control that failed to give satisfactory
results. An elastic potential function was derived from a modal ex-
pansion of a single flexible link with pinned—free boundary condi-
tions and coupled with rigid-link dynamics to formulate an Euler—
Lagrange dynamics manipulator model. A simple feedback control
law comprising a derivative gain and velocity feedback term and a
gravity compensation term was used, and PID transient responses
to step and impulse inputs were compared to MRAC responses. The
results demonstrate accuracy of the modal expansion method within
an MRAC strategy to achieve further reduction of positioning errors
and decrease settling time of transient response to step inputs.
Experimental tracking of a square trajectory by a two-link flexible
space robot was performed using a series of steady-state linear regu-
lators produced good results.® Also, fuzzy logic methods have been
used to control robot manipulators providing various results. These
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methods have involved the application of fuzzy control in various
strategies. One strategy used fuzzy controllers to tune PID gains for
a two-link robot with rigid links tracking a square trajectory with
excellent results.” One used a fuzzy controller with endpoint posi-
tion error and change-of-error inputs and output control variable to
vary motor hub speed for a computer-simulated single-link flexible
robot but with significant transient endpoint vibrations.” One used
fuzzy controllers to vary voltage input to each motor for a two-link
flexible robot in response to link accelerations and angular positions
outputs also with significant transient vibrations.® Another strategy
used two fuzzy controllers to substitute for the dynamics equations
of a two-link robot tracking a square trajectory and significantly
reduced endpoint transient vibrations at direction switches.? The
purpose of the study presented in this paper is to demonstrate pre-
cision endpoint tracking by a two-link flexible robot modeled by
nonlinear flexible dynamics and controlled by a fuzzy logic adap-
tive control strategy. The strategy is easy to construct, effective in
performance, and suitable for a broad range of applications.

Two-Link Flexible Robot

The two-link flexible robot shown in Fig. 1 has planar motion
and vibration modes. Gravity and friction effects are neglected for
space robot applications. The robot parameters are adopted from
other work.!

Rigid Dynamics
A conventional closed form of the nonlinear dynamics of a mul-
tilink robot with rigid links is derived in terms of kinetic and poten-
tial energies stored in the system by the Euler-Lagrange formula-
tion (Ref. 9). Given an independent set of generalized coordinates,

qi =41, - - -, g, the total kinetic and potential energies stored in the
system, T and U, respectively, is defined by the Lagrangian

L(gi,¢)=T-U, i=1,...,n (1)
For a robot subjected to a generalized force F; acting on a gen-

eralized coordinate ¢; the dynamic equations of motion are given
by

2= _ %= _F i=1,....n 2

Kinetic energy is given by
1 n n o
T, = 2 ; ; Mijqiq; 3)
For space robot applications, the gravity potential energy is omit-
ted. Hence, for an n-degree-of-freedom (n-DOF) robot the Euler—

Lagrange rigid-dynamics equations are

T =M, (0)0+C. (0,00 )

A End Effector—j,

Shoulder

Elbow Joint

Fig. 1 Two-link flexible robot.

For a two-link robot M, and C, are given by

1 4 1,1
M= |: smiL* +m,L? (5 + cos@z) myL? (g + 3 cos 92):| )

m2L2 (% + % COos 92) %I’HQLZ

1 6,(20, + 6
C =— (—m2L2 sin92> 2(261 +62) (©6)
2 —6,

Flexible Dynamics

Modeling flexible robot dynamics with assumed modes of vi-
bration for Euler—Bernoulli beam boundary conditions is a well-
established technique. It captures the interaction between flexu-
ral vibrations and nonlinear rigid multibody dynamics such that
a model can be derived to simulate the dynamic behavior of a flex-
ible robot.*>19~12 Extensive literature exists on the dynamics and
control of flexible single- and two-link robots, of which the refer-
ences cited are a select few on the use of assumed modes to model
flexibility.*>19=12 This approach accommodates changes in con-
figuration during operation, whereas natural modes must be con-
tinually recomputed. Elastic deformations are modeled by a finite
series of space-dependent, admissible functions, multiplied by a
specific set of time-dependent amplitude functions, which result in
amplitudes that form the generalized configuration coordinates in
the Euler-Lagrange dynamics formulation. Admissible functions
satisty, at least, system geometric boundary conditions. A chosen
set of admissible functions forms the basis functions in the assumed
modes method and are applied to the robot throughout its operational
workspace, provided geometric boundary conditions are consistent.
Approximate deformation of any continuous elastic beam subjected
to transverse vibrations is given by

ux, )=y ¢i()gi®) 7

i=1

where ¢, (x) is the dominant assumed mode shape for specific beam
boundary conditions. The shape function u(x, ¢) substitutes into the
Euler-Lagrange dynamics equations (1) and (2) (Refs. 4 and 10-12).

Mode Summation

In general, for an Euler-Bernoulli beam with uniform distributed
load, the equation of motion is given by

92 < Bzu(x,z)) 2u(x, 1)
El——— |dx + m(x)——=—= = p(x,1)  (8)

ax2 3x2 312

The normal modes ¢; must satisfy Eq. (9) and its boundary condi-
tions:

(E1¢])" — w}m(x)¢i =0 )
Its solution is given by Eq. (7).

For generalized elastic coordinates ¢; = ¢, . . .
netic and potential energies are given by

n n L n
T, = %ZZqiq',-/O ¢idm(x) dx = %ZM@? (10)

where

, qn the elastic ki-

L
M,-:/ @7 (x)m (x) dx
0
1 n n L 1 n
_ "o _ 22
ue_zlzgq,q,/o 1oy dx =5 3 Ki

1 - 2 22
=5 D oM (10
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Combining flexible equations of motion with rigid-dynamics equa-
tions, we obtain a flexible-robot dynamics equation given by

T=M(q)q+ C(q.9)q + Kq (12)

Matrix M comprises rigid and flexible link elements, C comprises
rigid and elastic Coriolis and centrifugal effects, and K is a stiffness
matrix. The generalized coordinate vector ¢ comprises joint angles
and flexible link deformations. In the calculation of the assumed
modes of vibration, small elastic deformations is an underlying as-
sumption, where second-order terms of interacting elastic modes
can be neglected and, together with orthogonality properties of as-
sumed modes, simplify Eq. (12). Omitting elastic Coriolis and cen-
trifugal components for a two-link flexible robot gives a coupling
matrix equal to C, in Eqgs. (4) and (6). Full dynamics equations for
a multi-DOF manipulator has been derived previously.'*

Cantilever and Pinned—Pinned Assumed Modes

From transverse beam vibration theory, cantilever mode shapes
are given by'>1

Pei(x) = cosh A x — cos A x — ke (sinh A x — sindgx)  (13)

where
__cos Aeil + cosh A L
" sinA,L + sinh A, L
for which AL~ (i — %)n, i=1,...,n, are numerically approx-

imated roots of the characteristic equation cos(A.; L)cosh(A; L) +
1=0.
Modal frequencies are given by

wi = L)’/ EI/pL* (14)

Proportional and derivative gains for the dominant cantilever as-
sumed mode frequency w,; are given by

K, =diag[o}, o}, ]=diag[150.79,150.79] (15)
K, =diag[2¢w,  2Lwa]=diag[17.364, 17.364]  (16)

for w.; =12.28 Hz.
Pinned—pinned mode shapes are given by

Gopi = +/(2/pL) sin dppix a7

for which A, L =im are roots of the characteristic equation
sinAp L=0,i=1,...,n.
Modal frequencies are given by

Wppi = ()“ppiL)z\/ EI/pL4 (18)

For pinned—pinned assumed modes, the tip of a link coincides with
that of a rigid link with angle 6, subtended at the joint by the tip.'®

13,15

Proportional and derivative gains for the dominant pinned—pinned
assumed mode frequency w,,; are given by

K,=diag[o}, o}, ]=diag[1188.4 1188.4]  (19)

K, =diag[2¢w,, 20wy ] =diag[48.746 48.746] (20)

for wpp =34.474 Hz.

Control Law

An intuitive Jacobian transpose control law provides a joint ac-
tuating torque vector given by>*

r=J'®) |:K <6*>+K <e)} 1)
- P\ e, a ey

Commanded x,., and y. positions for the desired trajectory input
to the control system and sum with negative feedback actual posi-
tion values to form position and velocity errors then are operated
on by proportional and derivative gains, K, and K,, to compute
the Jacobian transpose control law. The damping ratio ¢ =0.707 is
estimated.

Control Strategy

A block diagram of the nonadaptive control strategy shown in
Fig. 2 comprises a proportional derivative feedback loop with an
inverse dynamics inner loop. When Eq. (21) is used, torque actuat-
ing each joint feeds into the inverse flexible dynamics equations to
give an angular acceleration vector, which is double integrated to
obtain joint rates and slew angles. Slew angles 6, and 6, together
with flexural deformations §; and 4, feed back into the inverse dy-
namics equations. Slew angles also transform into x and y endpoint
positions in the direct kinematics Egs. (22) and (23) and feed back to
form position errors e, = x. —x and e, = y. — y. Slew rates 6, and
6, feed back to form velocity errors é, = x. —x and é, =y, — y:

x = L;cos(6;) + L, cos(6; + 6,) (22)
y = Ly sin(6,) + L, sin(6; + 6,) (23)
Fuzzy Logic System

Figure 3 shows the fuzzy adaptive control strategy with a fuzzy
logic system (FLS) included. The FLS is a Mamdani type, and each
variable is designed with nine Gaussian membership functions.>*
Verbal descriptors for positive maximum (PMAX), positive very
very high (PVVH), positive very high (PVH), positive high (PH),
positive medium (PM), positive low (PL), positive very low (PVL),
positive very very low (PVVL), zero (ZERO), negative very high
(NVH), negative high (NH), negative medium (NM), negative low
(NL), and negative very low (NVL) are used in generating fuzzy
rules typically of the form

IF 8, is NL AND §, is PL THEN A is PM
IF 8, is PVL AND 4, is PVH THEN A is PH

Polar-Cartesian 0
Velocity
Transformation
oy K Jacobian I
g T T nverse i
ranspose P  Flexible _[
€€y . Control D ics
. Kv Law

Robot Manipulator

q | I i X,
J’ qa 0 > ‘Dltect. Y >
Kinematics

X,y

0

0, 6

Fig. 2 Nonadaptive control strategy.
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Table 1 Fuzzy logic system rule matrix

8
A NVH NH NL NVL ZERO PVL PL PH PVH

NVH PMAX PVVH PVH PH PM PH PVH PVVH PMAX
NH PVVH PVH PH PM PL PM PH PVH PVVH
NL PVH PH PM PL PVL PL PM PH PVH
NVL PH PM PL PVL PVVL PVL PL PM PH

81 ZERO PM PL PVL PVVL ZERO PVVL PVL PL PM
PVL PH PM PL PVL PVVL PVL PL PM PH
PL PVH PH PM PL PVL PL PM PH PVH
PH PVVH PVH PH PM PL PM PH PVH PVVH
PVH PMAX PVVH PVH PH PM PH PVH PVVH PMAX

%y Polar-Caxj[esian 0
1 Velocity
Transformation

Robot Manipulator

q ‘ I q N ‘ I 0 Direct | X,y
> J .[ > Kinematics >

0,9

. T Inverse
TJaCOb‘a“ 1= ! Flexible
ranspose amics
Control Dye
Law
Fuzzy Logic K
System
Normalizing
Gain
X,y

Fig. 3 Fuzzy adaptive control strategy.

NVH NH NL NVL ZERO PVL PL PH PVH

1.0

-5.0 0 50
Meters

Fig. 4 Membership functions for input variables §; and ;.

ZERO PVVL PVL PL PM PH PVH PVVH PMAX
1.0

0 L0

Fig. 5 Membership functions for output variable \.

Figures 4 and 5 show the FLS membership functions for elastic-
link deformation input variables §; and 6, and output variable A.
Universes of discourse range from —5 to 5 m for §; and §, and
from O to 1 for A. The FLS is developed intuitively, such that, as
the magnitude of elastic deformation for each link varies positively
or negatively, it complements or counters deformation of the other
link. The value of X varies according to the magnitude of resultant
deformation and is maintained at A > 0 ranging from ZERO for zero

deformation to PMAX for the largest deformation, thereby forming
the symmetric fuzzy rule matrix given in Table 1.

Within the FLS, antecedent composition, implication, aggrega-
tion, and defuzzification methods are MIN, MIN, MAX, and CEN-
TROID, respectively. Crisp values of §; and §, input to the FLS
fuzzify to produce a degree of membership 0 <= <= 1. The MIN
operator determines the minimum value of w causing the implica-
tion operator MIN to truncate the output membership function. The
MAX operator aggregates all truncated output membership func-
tions resulting in a composite membership function. This aggre-
gate is defuzzified using the CENTROID method. The CENTROID
method calculates the center of area (COA) of the aggregate mem-
bership function and results in a p value corresponding to a crisp
value for A, given by?>378

3 [ @A dr

COA =
S @) dx

24

Scaling gain K; multiplies output variable A fuzzy membership
functions to modify their base widths and provide greater track-
ing accuracy toward asymptotically zero position errors as K; in-
creases. The achievement of good results with a suitable K value
necessitated experimentation by performing simulations with iter-
ations for unit increments of K up to 50. Initial results for K, =1
demonstrated poor tracking control similar to the nonadaptive re-
sults shown in Figs. 6 and 7 but then gradually improved for each
successive iteration until the trajectories shown in Figs. 8 and 9 were
achieved using K, =50. Adaptive control is achieved by adapting
the Jacobian transpose control law with A multiplied by scaling gain
K;. The adaptive control law is given by

=K {JT(Q) |:K,, (Z) +K, <Z )} } 25)
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Fig. 6 Cantilever nonadaptive tracking.

Meters

Y

-10 -8 -6 -4 =2 0 2 4 6 8 10
X Meters

Fig. 7 Pinned-pinned nonadaptive tracking.

Simulation Results

Figures 6-9 show the results of tracking endpoint trajectories in
a clockwise direction starting at the lower-left-hand corner. For the
nonadaptive cantilever model shown in Fig. 6, pronounced over-
shoots occur at each direction switch caused by flexibility. How-
ever, the trajectory for the fuzzy adaptive cantilever model shown
in Fig. 8 exhibits minimal overshoots and rapid settling to a steady
state. Minimal overshoots occur at direction switches for the non-
adaptive pinned—pinned model trajectory shown in Fig. 7. These are
greatly diminished by adaptive control using the FLS and provide
asymptotically zero errors such that tracking is close to a straight line
along each side of the trajectory shown in Fig. 9. Link deformations
and the corresponding values of A are shown in Figs. 10 and 11 for
the adaptive cantilever mode model. Deformations are initially low,
at +-0.1/—0.08 and +-0.03/—0.035 m for links 1 and 2, respectively,
then gradually decrease to +0.04/—0.03 and +-0.01/—0.025 m along
the first side of the trajectory but sharply increase to 40.17/—0.15
and +0.075/—0.08 m for links 1 and 2, respectively, as a re-
sult of the disturbance at the first direction switch. Thereafter,

10 T T T T T T T T T
8F i
61 - E
w 4F 4
1~
2
]
2o 1
> or 1
2} 4
—4} 4
s ( ]
_s + 4
_lo 1 1 1 1 1 1 1 1 1
-0 -8 -6 -4 -2 0 2 4 6 8 10
X  Meters
Fig. 8 Cantilever fuzzy adaptive tracking.
10 T T T T T T T T T
sk 4
6F 4
g 4 1
bl
©
2 1
»oooF ]
22k 4
—4F 4
rys 4
-8t 4
_10 . L L L . L L L .
-0 -8 -6 -4 =2 0 2 4 6 8 10
X Meters
Fig. 9 Pinned-pinned fuzzy adaptive tracking.
02 . T T T T
-+ Cantilever Link 2
0.15F J

Link Deformation

2000 4000 6000 8000 10000 12000 14000 16000 18000
Simulation Steps

Fig. 10 Link deformations §; and 6, for cantilever robot dynamics
model.
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0.086 T T T T T T T T
0.085F b

0084} ” ﬂ

0.0831 b

Lambda

0.082F 1

0.081 1

0.08 . . . . . L . L
0 2000 4000 6000 8000 10000 12000 14000 16000 18000

Simulation Steps

Fig. 11 Output variable X for cantilever link deformations §; and 6.

0.08

T T T T

— Pinned—Pinned Link 1
Pinned—Pinned Link 2
006" || ] 1

0.04

0.02r

-0.02

Link Deformation

—0.04f

_0'080 2000 4000 6000 8000 10000 12000 14000 16000 18000
Simulation Steps

Fig. 12 Link deformations 1 and 6 for pinned-pinned robot dynam-
ics model.

deformation magnitudes diminish gradually to +0.05/—0.055 and
+0.025/0.04 m but again sharply increase to +0.17/—0.15 and
4-0.085/—0.1 mfor links 1 and 2, respectively, caused by oscillations
excited at the subsequent second and third direction switches fol-
lowed by the same diminishing oscillations sequence. Correspond-
ing A values, shown in Fig. 11, are relatively low, averaging 0.0813,
and peak at 0.082 along the first side of the trajectory, then increase
to average 0.0825 and peak at 0.0847 at the first and second di-
rection switches, and then average 0.0821 and peak at 0.084 at the
third direction switch, adapting the control law to provide reduction
of the vibration amplitudes. The peak values of A gradually de-
crease after each direction switch as the adaptive control law takes
effect. Deformations for the adaptive pinned—pinned model, shown
in Fig. 12, are initially low, at £0.02 and £0.01 m for links 1 and 2,
respectively, along the first side of the trajectory and then increase
sharply to +0.05 and +0.036 m for links 1 and 2, respectively, at
the first direction switch. Subsequently, deformations sharply in-
crease to £0.07 and £0.055 m at the second direction switch and
then to £0.08 and £0.06 m at the third direction switch for links
1 and 2, respectively. Corresponding A values, shown in Fig. 13,
are relatively low, averaging 0.0815, and peak at 0.082 along the
first side of the trajectory, then increase to average 0.084 and peak
at 0.086 at the first direction switch, and then average 0.085 and
peak at 0.089 at the second and average 0.0855 and peak at 0.09
at the third direction switches adapting the control law to provide
reduction of the vibration amplitudes. The results demonstrate an
anomaly of the pinned—pinned model to increase oscillations after

0.092 T T T T T T T T

A

0.086[ b

Lambda

0.0841 4

0.082F b

0 2000 4000 6000 80 10000 12000 14000 16000 18000
Simulation Steps

Fig. 13 Output variable ) for pinned-pinned link deformations 6; and
62.

each disturbance, requiring progressively higher A values to con-
trol them because of zero restraining forces and moments at the
boundary conditions, whereas cantilever model oscillations dimin-
ish, requiring progressively lower A values after each disturbance as
aresult of the restoring force and moment at the fixed-end boundary
condition.

Simulation times were 11 min 28 s for cantilever and 11 min 45
s for pinned—pinned models with nonadaptive control and 26 min
33 s for cantilever and 27 min 55 s for pinned—pinned models with
fuzzy adaptive control, respectively.'® Other researchers use an ex-
perimental two-link flexible space robot to track a 75-cm square
trajectory in 40 s with a series steady-state linear quadratic regula-
tor control technique. Their results do not compare favorably with
results presented in this paper.® However, results obtained by others
tracking a square trajectory with a two-link flexible robot and an
input shaping control technique do compare closely to the results
given in this paper.! Control Systems and Fuzzy Logic Toolboxes
were used for all simulations.

Conclusions

This paper endorses established theory for coupling large ro-
tations with assumed small flexural deformations in deriving the
Euler-Lagrange flexible dynamics equations to characterize a two-
link flexible robot. The complexities of flexible dynamics and poor
control by classical methods are overcome by implementing an FLS
to produce an output variable in response to elastic deformations of
the links and to adapt the Jacobian transpose control law so that
tracking errors are reduced. Modes of vibration are determined by
assuming geometric boundary conditions of the robot consistent for
configuration changes in its operational workspace. In this study, the
dominant mode is used to derive flexible dynamics models for can-
tilever and pinned—pinned boundary conditions. Initially, imprecise
tracking results are obtained using a nonadaptive control strategy,
and then greatly improved tracking results are achieved using an
adaptive control strategy with an FLS. The FLS is effective for both
cantilever and pinned—pinned models but more significantly for the
cantilever model. However, these results are obtained at a high com-
putational time burden for both robot models. The results are repre-
sentative of multi-DOF systems, and the adaptive control strategy
can be extended to a broad range of applications. Future work could
investigate adaptation of control laws for flexible dynamics models
with higher modes.
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